Fixed points of continuous rotative mappings on the real line by Pongsriiam, Tammatada & Termwuttipong, Imchit
ar
X
iv
:1
40
5.
78
72
v1
  [
ma
th.
CA
]  
30
 M
ay
 20
14
Fixed points of continuous rotative mappings
on the real line
Tammatada Pongsriiama and Imchit Termwuttiponga1
aDepartment of Mathematics and Computer Science, Faculty of Science
Chulalongkorn University, Bangkok, 10330, Thailand
tammatada@gmail.com
Imchit.T@chula.ac.th
Abstract
We show that every continuous rotative mapping on a closed in-
terval has a fixed point. This gives an answer to some open questions
raised by Goebel and Koter.
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1 Introduction and Preliminaries
In order to assure the existence of fixed points for nonexpansive mappings
on Banach spaces, we need to impose some conditions on the space or on the
mapping. Rotativeness is a property of mappings which assures the existence
of fixed points in the case of nonexpansive mappings and in the case of k-
Lipschitzian mappings provided that k > 1 is not too large. The purpose of
this article is to give a solution to some open questions on rotative mappings
raised by Goebel and Koter [5]. So we adopt all their definitions with a little
modification on their notation.
Definition 1. Let C be a nonempty closed convex subset of a Banach space
X, T : C → C, k > 0, n ≥ 2, and a ∈ [0, n).
(i) A mapping T is called k-Lipschitzian if
‖Tx− Ty‖ ≤ k ‖x− y‖
for all x, y ∈ C. A mapping T is called Lipschitzian if it is k-Lipschitzian
for some k > 0. T is called nonexpansive if it is 1-Lipschitzian, and T
is called contraction if it is k-Lipschitzian for some k < 1.
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(ii) A mapping T is called n-periodic if T n = I, the identity map.
(iii) A mapping T is called (n, a)-rotative if
‖T nx− x‖ ≤ a ‖Tx− x‖
for all x ∈ C. A mapping T is called n-rotative if it is (n, a)-rotative
for some a ∈ [0, n), and T is called rotative if it is (n, a)-rotative for
some n ≥ 2 and some a ∈ [0, n).
We denote by Φ(C, n, a, k) the class of all (n, a)-rotative, k-Lipschitzian map-
pings T from C into itself.
The following theorem shows that the condition of rotativeness is actually
quite strong. It assures the existence of fixed points of nonexpansive mappings
without boundedness or any special geometric structure on C.
Theorem 2. ([5]) Let C be a nonempty closed convex subset of a Banach
space. If T ∈ Φ(C, n, a, 1) for some n ≥ 2 and a ∈ [0, n), then T has a fixed
point.
Moreover, Goebel and Koter [6] show that rotativeness also assures the
existence of fixed points in the case of k-Lipschitzian mappings with k slightly
greater than 1 as stated in the next theorem.
Theorem 3. ([6], see also [8, p. 324-327]) Let C be a nonempty closed convex
subset of a Banach space X. For each n ≥ 2 and a ∈ [0, n), there exists γ > 1
such that if k < γ and T ∈ Φ(C, n, a, k), then T has a fixed point.
Clearly, γ in Theorem 3 depends on X , n, and a. Therefore it is natural
to consider the function γ(X, n, a) defined by
γ(X, n, a) = inf { k ∈ [0,∞) |there is a nonempty closed convex subset C of
X and T ∈ Φ(C, n, a, k) such that FixT = ∅ }
According to Theorem 3, it is known that γ(X, n, a) > 1 for any Banach
space X , n ≥ 2, and a ∈ [0, n). By now upper bounds and lower bounds of
γ(X, n, a) have been obtained for some X , n, and a. However, the precise
value of γ(X, n, a) is completely unknown for any X , n, a. Here is a list of
known results on γ(X, n, a), and γ(H, n, a) where X is a Banach space, and
H is a Hilbert space.
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(i) [3, 6, 9]
γ(X, n, 0) ≥


2, for n = 2,
n−1
√
1
n−2
(
−1 +
√
n(n− 1)− 1
n−1
)
, for n > 2.
(ii) [4] For a ∈ (0, 2),
γ(X, 2, a) ≥ max
{
1
2
(
2− a +
√
(2− a)2 + a2
)
,
1
8
(
a2 + 4 +
√
(a2 + 4)2 − 64a+ 64
)}
.
(iii) [11] γ(H, 2, 0) ≥ √pi2 − 3.
(iv) [10] γ(H, 2, a) ≥
√
5
a2+1
for any a ∈ [0, 2).
(v) [2]
γ(C[0, 1], 2, a) ≤ 1
a− 1
where a ∈ (1, 2) and C[0, 1] is the space of real-valued continuous func-
tion on [0, 1].
(vi) [7]
γ(X, 3, 0) ≥ 1.3821, γ(X, 4, 0) ≥ 1.2524,
γ(X, 5, 0) ≥ 1.1777, and γ(X, 6, 0) ≥ 1.1329.
(vii) [1]
γ(H, 3, 0) ≥ 1.5549, γ(H, 4, 0) ≥ 1.3267,
γ(H, 5, 0) ≥ 1.2152, and γ(H, 6, 0) ≥ 1.1562.
From the list of results given above, we see that even the largest lower bound
of γ(X, n, a) is smaller than 3. So it is natural to ask the following questions:
Q1: In what space X is γ(X, n, a) the largest? Is it a Hilbert space?
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Q2: Can we find a Banach space X , n ≥ 2, a ∈ [0, n), and a function
T ∈ Φ(C, n, a, k), for k > 3 with FixT 6= ∅?
Other questions concerning the function γ are the following.
Q3: For a Banach space X , what is a good estimation for γ(X, n, 0)?
Is γ(X, n, 0) <∞?
Q4: From the list (iii) given above, we know that γ(C[0, 1], 2, a) ≤ 1
a−1
for
a ∈ (1, 2). But nothing is known for a ∈ [0, 1).
Is γ(C[0, 1], 2, a) <∞ for some a ∈ [0, 1)?
Is γ(C[0, 1], 2, a) =∞ for some a ∈ [0, 1)?
Q5: Can we find a precise value of γ(X, n, a) for some X , n, and a?
Q6: For a Banach space X and n ≥ 2, is γ(X, n, ·) : [0, n)→ (1,∞] contin-
uous?
We will give an answer to some of these questions in the next section.
2 Main Results
Questions 1 to 6 remain open until today. We do not know a precise value
of γ(X, n, a) for any X , n, a. We obtain a small lower bound and do not
know if it is closed to the best possible result. By restrict our attention to
X = R, the smallest nontrivial space, we obtain some answers to Q1 to Q6.
We hope that this will shred some light to the current state of knowledge on
rotative mappings and the function γ. Note that closed convex subsets of R
are precisely closed intervals, and for a function f , we write fn for the n-fold
composition f ◦ f ◦ · · · ◦ f . It is well known that every continuous selfmap
on closed and bounded interval has a fixed point. We prove that every 2-
rotative continuous selfmap on closed (not necessity bounded) interval in R
has a fixed point.
Theorem 4. Let I be a nonempty closed interval in R. Then every 2-rotative
continuous function f : I → I has a fixed point.
Proof. Let f : I → I be 2-rotative and continuous. Then there exists b ∈
[0, 2) such that |f 2(x)− x| ≤ b |f(x)− x| for all x ∈ I. Suppose for a con-
tradiction that f has no fixed point. By the intermediate value property of
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continuous function on an interval, we have that either
f(x) > x for all x ∈ I or f(x) < x for all x ∈ I.
In both cases, we note that
f 2(x) > f(x) > x for all x ∈ I, or
f 2(x) < f(x) < x for all x ∈ I.
Therefore f
2(x)−x
f(x)−x
> 0 for all x ∈ I. This implies that b ∈ (1, 2) and
1 +
f 2(x)− f(x)
f(x)− x =
f 2(x)− x
f(x)− x =
∣∣∣∣f 2(x)− xf(x)− x
∣∣∣∣ ≤ b
for each x ∈ I. That is for some a ∈ (0, 1)∣∣∣∣f 2(x)− f(x)f(x)− x
∣∣∣∣ ≤ a for all x ∈ I. (1)
Now consider for each fixed x ∈ I. We will show that the sequence (fn(x))
converges. For each n ∈ N, we obtain by (1) that∣∣∣∣fn+1(x)− fn(x)fn(x)− fn−1(x)
∣∣∣∣ =
∣∣∣∣f 2 (fn−1(x))− f (fn−1(x))f (fn−1(x))− fn−1x
∣∣∣∣ ≤ a.
Therefore |fn+1(x)− fn(x)| ≤ a |fn(x)− fn−1(x)| for every n ∈ N. This
implies that |fn+1(x)− fn(x)| ≤ an |f(x)− x| for all n ∈ N. Now for m,n ∈
N and m > n, we have∣∣fm+1(x)− fn(x)∣∣ ≤ ∣∣fm+1(x)− fm(x)∣∣ + ∣∣fm(x)− fm−1(x)∣∣+ · · ·+∣∣fn+1(x)− fn(x)∣∣
≤ (am + am−1 + · · ·+ an) |f(x)− x|
≤ a
n
1− a |f(x)− x| . (2)
Since a ∈ (0, 1),
lim
n→∞
an
1− a = 0. (3)
By (2) and (3), we obtain that (fn(x))n∈N is a Cauchy sequence in I. Then
(fn(x)) converges to a point x0 ∈ I. Since f is continuous, f (fn(x)) con-
verges to f(x0). But (f (f
n(x))) = (fn+1(x)) is a subsequence of (fn(x)), it
converges to x0. Therefore f(x0) = x0, a contradiction. This completes the
proof.
5
Corollary 5. Let I be a nonempty closed interval, k ≥ 0, a ∈ [0, 2). If
T ∈ Φ(I, 2, a, k), then T has a fixed point. In other words, every 2-rotative
k-Lipschitzian mapping on a closed interval has a fixed point.
Proof. Follows immediately from Theorem 4, since every Lipschitzian map-
ping is continuous.
Recall that by letting inf ∅ = +∞ and sup ∅ = −∞, then we have the
following result.
Corollary 6. γ(R, 2, a) = +∞, for every a ∈ [0, 2).
Proof. By the definition of γ and Corollary 5, we obtain
γ(R, 2, a) = inf{k ∈ [0,∞) | there is a nonempty closed interval I of R and
T ∈ Φ(I, 2, a, k) such that FixT = ∅}
= inf ∅
= +∞
Next we give a basic result concerning the properties of γ(X, n, a).
Proposition 7. Let X be a Banach space, n ≥ 2, and a ∈ [0, n). Then
γ(X, n, a) = sup{k ∈ [0,∞) | for every nonempty closed convex subset C of X,
if T ∈ Φ(C, n, a, k), then T has a fixed point}.
Proof. Let
A = {k ∈ [0,∞) | for every nonempty closed convex subset C of X ,
if T ∈ Φ(C, n, a, k), then T has a fixed point},
B = {k ∈ [0,∞) | there is a nonempty closed convex subset C of X and
T ∈ Φ(C, n, a, k) such that FixT = ∅}.
By the definition, γ(X, n, a) = inf B. So we only need to show that supA =
inf B. First observe that a ≤ b for every a ∈ A and b ∈ B. Therefore
supA ≤ inf B. If B = ∅, then inf B = +∞ and supA = sup[0,∞) = +∞.
So supA = inf B. Assume that B 6= ∅. We will show that inf B − supA ≤ ε
for every ε > 0. Let ε > 0 and α = supA. Then α + ε /∈ A. Then there
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exists a nonempty closed convex subset C of X and T ∈ Φ(C, n, a, α + ε)
with FixT = ∅. By the definition of B, we see that α + ε ∈ B. Therefore
α + ε ≥ inf B. Thus inf B − supA = inf B − α ≤ ε, as required. Hence
inf B = supA.
We end this section by giving an answer to some of Q1 to Q6 as follows:
Q1: In what space X is γ(X, n, a) the largest? Is it a Hilbert space?
Q5: Can we find a precise value of γ(X, n, a) for some X , n, and a?
Answer: We found that the precise value of γ(R, 2, a) is∞. But we do not know
if γ(H, 2, a) = +∞ for every Hilbert space H .
Q6: For a Banach space X and n ≥ 2, is γ(X, n, ·) : [0, n)→ (1,∞] contin-
uous?
Answer: If X = R, then γ(R, 2, ·) is a constant function, so it is continuous.
However, we do not know the answer if X 6= R.
Q3: For a Banach space X , what is a good estimation for γ(X, n, 0)?
Is γ(X, n, 0) <∞?
Answer: If X = R, the answer is no. We have γ(R, 2, a) = +∞ for every a ∈
[0, 2). So in particular, γ(R, 2, 0) = +∞.
We will give an answer to Q2 in the next section.
3 Examples of Rotative Mappings on R
In this section, we present some examples of rotative mappings. By replacing
the condition ‖T nx− x‖ ≤ a ‖Tx− x‖ by d(T nx, x) ≤ ad(Tx, x), we see
that the rotativeness can be used for a function defined on a metric space.
In particular, we may talk about the rotativeness of mappings defined on a
normed linear space. To keep the notation simple, we sometimes write fx
instead of f(x), and fnx instead of fn(x).
Example 8. It is not difficult to see that
(i) every contraction on a metric space is rotative,
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(ii) every n-periodic map on a metric space is (n, 0)-rotative, and
(iii) every rotation in Rm is rotative.
Theorem 9. Let X be a normed linear space. Let n ≥ 2, c ∈ C, x0 ∈ X,
and f : X → X given by f(x) = cx+ x0. Then
(i) If c 6= 1, then f is n-rotative if and only if ∣∣ cn−1
c−1
∣∣ < n.
(ii) If c = 1, then f is n-rotative if and only if x0 = 0.
Proof. We have fx = cx + x0, f
2x = c2x + cx0 + x0, and in general, f
nx =
cnx+ cn−1x0 + c
n−2x0 + · · ·+ cx0 + x0. So
fnx− x = (cn − 1)x+ (cn−1 + cn−2 + · · ·+ c+ 1)x0.
If c = 1, then ‖fnx− x‖ = n ‖x0‖ and ‖fx− x‖ = ‖x0‖. From this it is easy
to see that f is n-rotative if and only if x0 = 0. If c 6= 1, then
fnx− x = (cn − 1)x+ c
n − 1
c− 1 x0
=
cn − 1
c− 1 ((c− 1)x+ x0) =
cn − 1
c− 1 (fx− x).
Therefore ‖fnx− x‖ = ∣∣ cn−1
c−1
∣∣ ‖fx− x‖ for all x ∈ X . Hence f is n-rotative
if and only if
∣∣ cn−1
c−1
∣∣ < n. This completes the proof.
Corollary 10. Let X be a normed linear space. Let c ∈ R − {1}, x0 ∈ X,
f : X → X given by f(x) = cx+ x0. Then
(i) f is 2-rotative if and only if −3 < c < 1.
(ii) f is 3-rotative if and only if −2 < c < 1.
Proof. Immediately obtained from Theorem 9.
Theorem 11. Let c1, c2, b1, b2 ∈ R be such that c1 < c2 < b1 < b2. Let
f : R→ R be given by
f(x) =


c1, x ≤ b1;
c(x− b1) + c1, b1 < x < b2;
c2, x ≥ b2,
where c = c2−c1
b2−b1
. Then
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(i) f is continuous and Fix f = {c1}.
(ii) f is n-rotative if and only if b1 >
nc2−c1
n−1
.
Proof. It is easy to see that f is continuous and Fix f = {c1}. Next we will
prove that f is n-rotative if and only if b1 >
nc2−c1
n−1
. Let x ∈ R and n ≥ 2.
If x ≤ b1, then f(x) = c1 and fn(x) = c1, and so
|x− fn(x)| = |x− c1| = |x− f(x)| (4)
If x ≥ b2, then f(x) = c2 and fn(x) = c1, and thus
|x− fn(x)|
|x− f(x)| =
x− c1
x− c2 = 1 +
c2 − c1
x− c2 (5)
If b1 < x < b2, then f(x) < c2, f
n(x) = c1, and therefore
|x− fn(x)|
|x− f(x)| =
x− c1
x− f(x) <
x− c1
x− c2 = 1 +
c2 − c1
x− c2 (6)
In conclusion, we have for every n ≥ 2
|x− fn(x)|
|x− f(x)| ≤
{
1, if x ≤ b1 and x 6= c1;
1 + c2−c1
x−c2
, if x > b1.
From this, we see that
sup
{∣∣∣∣x− fn(x)x− f(x)
∣∣∣∣ | x ∈ R− {c1}
}
= sup
{
1 +
c2 − c1
x− c2 | x > b1
}
= 1+
c2 − c1
b1 − c2 .
(7)
Now assume that b1 >
nc2−c1
n−1
. Then we let a = 1 + c2−c1
b1−c2
so that a ∈ (1, n)
and by (7),
|x− fn(x)| ≤ a |x− f(x)| for all x ∈ R− {c1}. (8)
Since Fix f = {c1}, the inequality in (8) also holds for x = c1. Therefore (8)
holds for every x ∈ R. This shows that f is n-rotative.
Conversely, assume that f is n-rotative. Then there exists a ∈ (0, n) such
that
|x− fn(x)| ≤ a |x− f(x)| for all x ∈ R.
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Then a ≥ |x−fn(x)|
|x−f(x)|
for every x ∈ R− {c1}. So we obtain by (7) that
a ≥ 1 + c2 − c1
b1 − c2 .
Since a < n, 1 + c2−c1
b1−c2
< n. Hence b1 >
nc2−c1
n−1
, as required. This completes
the proof.
Example 12. Let f, g : R→ R be given by
f(x) =


1, x ≤ 12;
5(x− 12) + 1, 12 < x < 13;
6, x ≥ 13,
g(x) =


1, x ≤ 199
99
;
x− 100
99
, 199
99
< x < 298
99
;
2, x ≥ 298
99
.
The function f corresponds to the case c1 = 1, c2 = 6, b1 = 12, b2 = 13
in Theorem 11. Since b1 >
nc2−c1
n−1
for every n ≥ 2, f is n-rotative for every
n ≥ 2. The function g corresponds to the case c1 = 1, c2 = 2, b1 = 2 + 199 ,
b2 = 3 +
1
99
. It is easy to check that b1 >
nc2−c1
n−1
if and only if n > 100.
Therefore g is not n-rotative for n ∈ [2, 100] and g is n-rotative for n ≥ 101.
Next we show that there exists a function f : R→ R which is n-rotative
for infinitely many n but is not m-rotative for infinitely many m.
Example 13. Let b ∈ Q, c ∈ Qc, and let f : R→ R be given by
f(x) =
{
c, x ∈ Q;
b, x ∈ Qc.
It is easy to see that
if x ∈ Q, then fn(x) =
{
c, if n is odd;
b, if n is even,
and
if x ∈ Qc, then fn(x) =
{
b, if n is odd;
c, if n is even.
So if n is odd, then x − fn(x) = x − f(x) for all x ∈ R. Therefore f is
(n, 1)-rotative for every odd integer n ≥ 3. If m ≥ 2 is even, let x = mb−c
m−1
, so
that x ∈ Qc and x−fm(x)
x−f(x)
= x−c
x−b
= m. Therefore f is not m-rotative for any
even integer m ≥ 2.
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Corollary 14. Let M > 0. Then there exists a function f : R → R such
that f is k-Lipschitzian, 2-rotative, k = M , and Fix f 6= ∅.
Proof. Let c1 = 1, c2 = 2, b1 = 3, b2 = 3 +
1
M
, and let c ∈ R, f : R → R be
defined as in Theorem 11. Then |f(x)− f(y)| ≤ c|x− y| for all x, y ∈ R, and
|f(b2)− f(b1)| = c|b2 − b1|. So f is k-Lipschitzian where k = c = c2−c1b2−b1 = M ,
and Fix f = {1}. Since b2 > 3 = 2c2 − c1, we see that f is 2–rotative by
Theorem 11.
Now we can give an answer to Q2.
Q2: Can we find a function T ∈ Φ(C, n, a, k), for k > 3 with FixT 6= ∅?
Answer: By Corollary 14, there exists a function T ∈ Φ(R, 2, a, k) with FixT 6= ∅
and k is arbitrarily large.
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